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Research Program
EPSRC Visiting Fellow for RealityGrid
Tufts University Department of Mathematics (Adjunct CS)
1 postdoc, 4 graduate students (1 Math, 1 Physics, 2 CS)

Computational uid dynamics
{ Statistical properties of turbulence
{ Algorithm dewelopmen

{ Complex uids
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Computational Resources

NSF PACI Program (with Love, Coveney Jha)
{ Pittsburgh Supercomputer Center
{ 750 Compaq Alphaserver ES45nodes

{ Four 1-GHz processors4 Gb memory

Beowulf cluster
{ Eight Athlon nodesplus master node
{ Two 1.4-GHz processors2 Gb memory, 18 Gb SCSI
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CFD Research

Statistical properties of homogeneougurbulence
{ Vortex knots and links

{ Evolution, lifetime, decay

Software

{ 3D Pseudosyectral code

{ 3D MRT lattice Boltzmann code

{ 3D Entropic lattice Boltzmann code (under developmert)
{ LB3D & ME3D

Methodologies

{ Domain-decompposition parallelized using MPI

{ Control with steering/visualization in mind
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Kinetic-Based Mo dels of Fluids

NS equationsderive from Boltzmann equation

@
= +v rf=C()
@
.m Chapman-Ensk og expansion in incompressible limit
.ﬂ Kn udsen number: Kn =L O()
.ﬂ Mach number: M u=cs O()
.ﬂ Reynolds number: Re  M=Kn 0O(1)
Consened momerts satisfy NS equations
R
v dv R
u= ;m‘* » and P= (v u)(v u)fdv

Quasicompressible
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Motiv ation for Kinetic-Based Mo dels
Boltzmann equation livesin a bigger space:f (x;v;t)
Boltzmann equation more forgiving to radical discretization

Insensitive to preciseform of collision operator
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Lattice Boltzmann Mo del

Benzi, Succi, Vergassola, Phys. Rep. 222 (1992)

Discretization

A Regular lattice in physical space

Discrete kinetic equation
f(x+v;t+1)=f;(x;t)+ G (f (x;1))
Consened momerts satisfy NS equations

= _.?_. u)(v; u)f
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Lattice BGK Mo del

Qian, d'Humi eres, Lallemand, Europhys. Lett. 17 (1992)

BGK collision operator with collisional relaxation time

C(F (D) = = 790t ) (1)

Local equilibrium distribution function

A Mac h expanded: :mpcﬁc = A+ Bu vi+ Cuu : VvV 1vi)
A A, B chosen to matc h conserved moments of f.mg to those of f;
ChooseC to get correct convective term

Viscosity [/ ( 1)
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Stabllit y Issues
Algorithm is simple, fully explicit, easily parallelized

More elaborate variations exist

.m Compressible o w

.m Irregular grids

.m Kinetic velocities not coinciden t with lattice vectors

.m Complex uids

Reduce to lower viscosity [/ (

N
N

.m Stable for 1 (underrelaxation)

.ﬂ Often unstable for 3 < < 1 (overrelaxation)

.ﬂ Instabilit y limits maxim um Re attainable
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Momen t Representation
Example: D = 1 di usiv e model (consened massonly)
Three kinetic velocities: ¢; = | forj 2 f 1;0;+1g
Decomposition into invariant hydrodynamic/kinetic subspaces

Hydrodynamic mode:

A H_H+H+*o+dﬂp

Kinetic modes:

{ =fa f iand = fg +2f5 f
2 3 2 32 3
+1 +1 +1 f.
Transformation: 4~ 5=4"171 o 1 94 ¢, S
1 +2 1 f

Moments/distribution better for collisions/propagation
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Entropic Lattice Boltzmann Mo dels

Ansumali, Karlin, Phys. Rev. E 62 (2000);
Boghosian, Yepez, Coveney, Wagner, Proc. Roy. Soc. 457 (2001)

Demand equilibrium distribution m_w:mB_Nm additive Lyapunov
function in kinetic subspace:H = ; h(f;)

Choose dynamically to remain within isertropic contour

h

2L

. Equilibrium
Incoming

Outgoing

Kinetic Parameter 2
o
(6]

Kinetic Parameter 1
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Entropic Lattice BGK Equilibria

Lagrange multipliers - for hydrodynamic constraints

o o P P P
Extremize: 0= & ; h(fj) i T u g Vit
Equation for equilibrium: ho(f =+ | v;
Equilibrium: 8= ( + , v;)where =ho"

Lagrange multipliers determined by constraints

Use this equilibrium distribution in CE expansion
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Recovery of Navier-Stok es Equations

with Love, Yepez, Coveney, Succi, Karlin, PRE RC (2003)
For Bravais lattice in dimension D, CE analysisyields:

@ D (x) “x) ’

+

@ D+2 [ 9x)?

ru= r P+ r“u

where x 1(=b)
Yields NS equationsif: ~ %= 1+ 2 ( 9?

Solution for equilibrium distribution:  (x) = x P=2
Solution for Lyapunov function:

1 2=D

h(x) = X for D 6 2 (Tsallis entropy)
In x for D = 2 (Burg entropy)
Viscosity vanishesin isertropic limit ( ! 1)
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Discussion
Discretization and the SecondLaw
No stability limit to lowering viscosity
Lyapunov function uniquely determined
Accuracy may su er if viscosity too small
Similarity to LES model if smallest eddiesunresolvwed???

Generalization to non-Bravais lattices
A Functional dieren tial equation is obtained
A Power-law solution with exponent determined by transcenden tal equation

.m Again, Tsallis entropy

&

June 18, 2003

15

$

%



DepartmenfMathematics

_ $

Example: Burgers' Equation

with Love, Yepez, Coveney, Succi, in preparation

Biased, mass-conservingnodel generically leadsto Burgers'
equation

Hydrodynamic mode: = f, + f

Kinetic mode: u=f, f
Intro duce bias via Lyapunov function:

1+ 1
H = h(fs)+
2 (f+) 2

h(f )

Result of CE analysis:

( )

®+ 1
@

& %
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Ly apunov Function for Burgers' Equation
Yields Burgers' equation if

jo AXV —JOOOAXV

1= 2x 2
[N%0(x)]? ”
: . - 1 : 1
Solution: h(x) = xexp o +EI =
h(z)
N‘
m‘
m‘
h.‘
w‘
N‘
H‘
2 4 6 8 10 “
P
. o eq_ 2 A4+ 2In?(7—)
Equilibrium kinetic parameter: u®d = (20
1
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Simulation and Discussion
Lyapunov function uniquely determined
No stability limit to lowering viscosity
Works for inviscid Burgers' equation

Gibbs-like phenomenanear shock
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Vortex Knots and Links
Knot parametrized by R(t) fort 2 [0;2 ).

2 GRYYE (xR

Vorticity ! (x) =

Initial pro le function f with width
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Issues for Realit yGrid

Need for high-performancecomputing

3=4. algorithmic  complexit y as Re®

.ﬂ Smallest eddy size scales as Re
.ﬂ Large grids needed
{ VvViscous ordering t/ ( x)?

.ﬂ Numerical solution for post-collision distribution (exp ensive!)

Need for steering/visualization
.ﬂ Knot lifetimes unkno wn in advance
.ﬂ Detection of top ological changes in vortex knots

.ﬂ Develop intuition about evolution and decay of knots

First tests on NS equationslater this summer
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Conclusions

Lattice Boltzmann models may be endoved with Lyapunov
function

Form of Lyapunov function determined unigquely
Resultsin fully explicit yet absolutely stable algorithm

Possibleloss of accuracy (but not stability) due to sharp
gradients

Future work: Entropic LB models for complex uids (di cult!)
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